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ABSTRACT
The visual alignment of chemostratigraphic excursions enables correlation of sedimentary 

successions within the bounds of geochronology or biostratigraphy. This correlation facilitates 
the extrapolation of ages from radiometrically calibrated stratigraphic sections to others lacking 
temporal constraints. For Ediacaran and Cambrian applications, this practice commonly involves 
assigning ages to fossil first appearances, thereby resolving the tempo of early animal evolution. 
Chronologies, and the resulting evolutionary insights that they permit, frequently rely on the 
identification of a single, unique alignment between a time-calibrated and a time-uncertain sec-
tion, yet visual correlation methods do not permit evaluating the uniqueness of such a chronology. 
Here we use a dynamic programming algorithm to determine a range of alignments between 
stratigraphic sections that are optimal under certain assumptions about total temporal overlap 
and sedimentation rates. We apply the algorithm to radiometrically calibrated Cambrian δ13Ccarb 
records to catalog a library of statistically significant and reproducible alignments. While a subset 
of the dynamic programming alignments support the statistical significance of published visual 
alignments, the remaining yield additional, significant correlation solutions that do not violate 
lithostratigraphic constraints. We conclude that the range of temporal inferences for fossil first 
appearances that arise from multiple chemostratigraphic alignments should be accounted for 
in assessing the timing of early Cambrian animal diversification.

INTRODUCTION
Geologists utilize temporal changes in the 

stable isotopic composition of carbonate rock 
(δ13C

carb
) to correlate marine stratigraphic sec-

tions around the globe (e.g., Halverson et al., 
2005; Saltzman, 2005). For most pre-Quaternary 
carbonate sections, δ13C

carb
 correlation relies on 

visual alignment of excursion peaks and nadirs. 
Despite large signals, alignments can be ham-
pered by regional heterogeneity arising from local 
water column processes and syndepositional or 
diagenetic alteration (Melim et al., 2002). Even 
when a global signal is preserved, discontinuous 
sedimentation subsamples an evolving chemi-
cal reservoir, thereby truncating or expanding, 
and amplifying or diminishing, one geochemi-
cal sequence relative to another (Cozzi et al., 
2004). Finite geochemical sampling and finite 
resolution of preserved deposits lead to aliasing 
and smoothing of higher-frequency fluctuations 
(Myrow and Grotzinger, 2000; Laepple and Huy-
bers, 2013). Finally, quasi-periodic variations in 
chemostratigraphic records may simultaneously 

allow for a good fit and a misalignment of cycles. 
The complexities of the stratigraphic record thus 
pose a challenge for robust visual alignment of 
chemo stratigraphic records.

But, insomuch as δ13C
carb

 excursions covary 
between sites of interest, they facilitate inter-
polation and extrapolation of radiometric dates 
and biostratigraphic constraints. One such exam-
ple is the visual alignment of radiometrically 
dated δ13Ccarb excursions from Cambrian Series 
1 (Terre neuvian) and Series 2 shallow marine 
strata of the Anti-Atlas mountains, Morocco 
(Maloof et al., 2010b), to undated δ13Ccarb 
sequences sampled at remote, fossiliferous suc-
cessions to assign ages to the first appearance 
of animals (Maloof et al., 2010a; Smith et al., 
2016; Kouchinsky et al., 2007).

Keeping in mind “that it is difficult to instill 
geological wisdom into a mathematical process” 
(Shackleton et al., 1995, p. 694), we seek to 
evaluate the reproducibility and uniqueness of 
visual correlation of Cambrian δ13Ccarb records. 
We apply a computationally efficient numerical 

methodology based on dynamic programming 
to align chemostratigraphic data. Alignments 
maximize correlation, subject to constraints 
upon inserting hiatuses into either record, 
and the degree to which records must overlap 
(Sakoe and Chiba, 1978; Clark, 1985; Lisiecki 
and Lisiecki, 2002). Dynamic programming has 
been used to align Quaternary δ18O

carb
 records 

(Lisiecki and Lisiecki, 2002; Haam and Huy-
bers, 2010). Analogous sequencing algorithms, 
such as graphical correlation and immutable 
slotting, underpin the well-resolved Ordovician 
and Silurian time scales (Sadler, 2004; Sadler 
and Cooper, 2008). To our knowledge, this con-
tribution is the first application of the technique 
for the purpose of cataloguing a library of pos-
sible chemostratigraphic alignments.

METHODOLOGY
We explore an intrabasinal application of 

numerical δ13Ccarb alignment such that lithostratig-
raphy serves as an independent guide to corre-
lation. We adopt an ~2-km-thick, stratigraphi-
cally continuous and radiometrically calibrated 
Cambrian Series 1–2 δ13Ccarb curve (section 16, 
or S16, from Sidi M’Sal, Anti-Atlas, Morocco; 
Maloof et al., 2010b) as the “target” sequence 
and employ dynamic programming to explore the 
suite of alignments to two time-uncertain candi-
date δ13C

carb
 sequences that lithostratigraphy sug-

gests should overlap a subset of S16. The first, 
section 3 (S3) at Talat N’ Yissi, is located ~35 km 
south of S16, and the second, section 11 (S11) at 
North Zawyat n’ Bougzoul, is ~200 km northeast 
of S16 (Maloof et al., 2005).

Dynamic programming involves construct-
ing an n by m cost matrix (C ) of all possible 
matches between data from two sequences. 
Each element of the matrix is computed as the 
squared difference between a data point in the 
target sequence (xn) and the candidate sequence 
(ym): C(n,m) = (xn – ym)2.
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Alignment takes the form of a warping path 
p that assigns each index, m, from the candidate 
sequence to an index, n, of the target sequence, 
n = p(m). An optimal path can be efficiently found 
using linear programming to minimize the sum 
of the cost matrix across all m (Sakoe and Chiba, 
1978). An alignment path that preserves the origi-
nal sequence would give n = m, whereas insert-
ing a depositional hiatus in the target sequence 
(stretching) takes the form of p(m + 1) > p(m) + 1, 
and inserting a hiatus in the candidate sequence 
(squeezing) corresponds to p(m + 1) = p(m) (Fig. 
DR1 in the GSA Data Repository1).

Alignment of the candidate and target 
sequences by stretching and squeezing depends on 
two stratigraphically meaningful parameters. The 
edge parameter (Sakoe and Chiba, 1978) relates 
to whether the two sections span the same interval 
of time, and penalizes those points in the candi-
date sequence that lie outside the time span of the 
target sequence. Large edge values (>103) force 
100% overlap between the sequences, whereas 
other formulations allow the top and base of the 
candidate sequence to extend beyond the time rep-
resented by the target sequence. To focus attention 
on physically plausible intrabasinal correlations, 
we only consider alignments with >10% overlap. 
The g parameter (Sakoe and Chiba, 1978) relates 
to the similarity of sediment accumulation rates at 
the two stratigraphic sections during their shared 
interval of deposition and tabulates the penalty for 
inserting hiatuses into the target and/or the candi-
date sequence. Values of g >1 penalize stretching 
or squeezing, whereas the converse is the case for 
values <1. For alignments with <100% overlap, 
we scale the chronology of the non-overlapping 
candidate data by the average factor of stretch-
ing or squeezing from the overlapping portion of 
the sequences. Alignments are determined using a 
dynamic programming method (Sakoe and Chiba, 
1978; Clark, 1985; Lisiecki and Lisiecki, 2002; 
Lisiecki and Raymo, 2005). The code is provided 
in the Data Repository.

For this application, we assume a global sig-
nal and retain the primary magnitude of iso topic 
excursions in the two sequences to leverage 
greater information from each record by using 
both the mean values and the isotopic variabil-
ity as constraints on alignment. Alternatively, 
normalizing excursions to have the same mean 
and variance facilitates alignment of geochemi-
cal data across isotopic gradients or of different 
units (e.g., per mil versus parts per million).

We report the statistical significance of align-
ments by evaluating the null hypothesis of no 
true correlation using a Monte Carlo method with 
10,000 synthetic δ13C sequences. A sample size 

of 10,000 synthetics ensures robust statistics 
with minimal additional computational expense. 
We realize synthetics using Cholesky’s decom-
position method and constrain each synthetic 
sequence to have the same length and auto-
correlation as the candidate sequence (Haam and 
Huybers, 2010). Synthetics are aligned to the 
target sequence by dynamic programming with a 
fixed edge parameter (0.2) and g values that span 
the range produced by the library of solutions 
for the alignment of the original candidate. The 
fixed edge value prevents the degenerate case 
of achieving a high correlation by offsetting the 
records to share only a small number of data 
points. To assess statistical significance, we eval-
uate the average correlation coefficient obtained 
across all edge values (for each fixed g value) 
against the distribution of correlation coeffi cients 
associated with synthetic alignments.

REPRODUCING A CAMBRIAN 
COMPOSITE δ13Ccarb CURVE

Aligning Section 3
Alignments between S3 and S16 δ13Ccarb 

sequences are computed for all pairs of edge val-
ues from 0.1 to 0.15 at increments of 0.0005 and g 
values from 0.98 to 1.01 at spacings of 0.005 (Fig. 
1A). This approach yields four distinct and sig-
nificant alignment groupings with >10% overlap 
relative to a null hypothesis of no correlation (Fig. 
1B, alignments a3.1–a3.4). Table 1 highlights the 
differences in the mean correlation coefficients 
and their respective significance levels (p-values). 
For g values of 0.99 and 0.995, the average cor-
relation coefficients have p-values of 0.05 and 
0.01, respectively. Although in both cases the null 
hypothesis of no relationship can be rejected, it is 
more difficult to establish that one solution is sig-
nificantly better than the other. As the goodness of 
fit between sequences is insufficient for ascertain-
ing correct alignment, we next consider geologic 
and biostratigraphic constraints in the context of 
the four objectively determined alignments.

We begin by evaluating a3.1 because it 
appears to be the most easily rejected. This 
alignment family represents <1% of the total 
alignments. The edge values associated with 
this alignment (>0.7) condition the solution to 
contain S3 within S16 by pairing multiple S3 
δ13Ccarb values with individual S16 values (Fig. 
1B). This alignment implies missing time in S16 
from depositional hiatuses or erosion. Although 
S3 contains no skeletal fossils, the upper half of 
the section has a lithostratigraphic affinity to the 
Igoudine, Amouslek, and Issafene Formations 
(Fig. 1C) that elsewhere host Cambrian Series 
2 trilobites and archaeocyaths (Geyer and Land-
ing, 2006). On this basis, Maloof et al. (2010a) 
aligned the base of S3 to S16 at ~1190 m, above 
non-fossiliferous strata assigned to Cambrian 
Series 1 (Fig. 1C). Thus, a3.1 correlates trilobite 
biozones inferred to apply to S3 to pre-trilobitic 
strata of S16, therefore appearing implausible.

The remaining solutions, a3.2–a3.4, align S3 
δ13Ccarb values to the 8‰ excursion from S16 at 
~1460–1570 m and variably stretch or squeeze 
S3 above and below this excursion (Figs. 1B and 
1C). Solution a3.3 closely reproduces the correla-
tion proposed by Maloof et al. (2010a). Solution 
a3.4 differs only slightly from a3.3, and a lower-
resolution search of the parameter space could 
readily miss this small solution space. Solution 
a3.2 (g <1) initiates alignment lower in S16 than 
solution a3.3 and implies more continuous depo-
sition at S16 than at S3.

Alignments a3.2–a3.4 variably correlate strata 
assigned to the Lie de Vin and Igoudine For-
mations at S3 to the same formations at S16, 
thereby providing a measure of the dia chroneity 
of lithostratigraphic units between sections. 
Alignment a3.3 invokes the least diachroneity by 
correlating the base of the Lie de Vin Formation 
thrombolitic carbonate at S3 to a similarly gen-
eralized lithologic package at S16 (Fig. 1C, base 
of long-dashed lines). Alignment a3.2 invokes the 
greatest diachroneity, requiring that the base of 
the Lie de Vin Formation at S3 correlate with the 
top of the Adoudounian Formation at S16 (Fig. 
1C, base of dotted lines). Similar to the correla-
tion of Maloof et al. (2010a), a3.2–a3.4 imply that 
strata assigned to the Igoudine Formation at S3 
are wholly younger than strata assigned to the 
same formation at S16 (Fig. 1C).

Following Maloof et al. (2010a), we calcu-
late three linear sedimentation rates between the 
four radiometric dates at S16 to develop an age 
model for all strata (meterage) between these 
horizons. For S16 strata cropping out above or 
below the radiometric dates, we assign ages 
based on the closest computed sedimentation 
rate. We then use the dynamic programming 
δ13Ccarb alignment solutions (Fig. 1) to assign 
these ages to the corresponding S3 meterage 
and computed the resulting sedimentation rates 
implied by the three alignments (a3.2–a3.4). The 
sediment accumulation rates implied by the 
alignments differ by more than an order of mag-
nitude. Alignments a3.2 and a3.3 produce sedi-
mentation rates from 0.5 to 54 cm/k.y. (Fig. 2), 
while the wider range in sedimentation rates 
implied by a3.4 results from squeezing the low-
ermost 288 m of S3 into the 76 m below the 
520.93 Ma ash bed in S16 (yielding an average 
rate of 144 cm/k.y.; Fig. 2). This high average 
sedimentation rate may exclude a3.4 as a plausi-
ble solution. With a viable age model, one also 
can provide a quantitative measure of the dia-
chroneity of lithostratigraphic contacts between 
the target and candidate sections. For instance, 
a linearly interpolated age model assigns the 
Lie de Vin–Igoudine Formation contact at S16 
an age of 520.46 Ma, whereas all three viable 
alignment solutions imply an older age for the 
same contact at S3 (521.03–521.01 Ma). While 
the absolute value of this diachroneity would 
change with an alternative age model (e.g., if lin-
ear interpolation were inaccurate), the alignment 

1GSA Data Repository item 2019175, dynamic 
programming Matlab code; sample cost matrix, align-
ment path, and alignments; calculations of relative 
rates of sediment accumulation; and the correlation 
coefficients and p-values of alignments, is available 
online at http:// www .geosociety .org /datarepository 
/2019/, or on request from editing@ geosociety .org.
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solutions provide a testable prediction for stratal 
relationships.

We conclude that a3.3, with correlation 
co effici ents >0.9 and reasonable sedimenta-
tion rates, reproduces the correlation proposed 
by Maloof et al. (2010a), and that a3.2 and a3.4 
provide plausible and previously unconsidered 
alternatives that accord with published litho- and 
biostratigraphic constraints (Fig. 1C). The con-
clusion of multiple valid chemostratigraphic cor-
relation solutions bears on the temporal frame-
work for early Cambrian fossil first appearances. 
If a hypothetical fossil first appeared in the basal 
stratum of S3, then the three plausible alignment 
solutions to S16 imply a range of first appear-
ance ages from 525.03 Ma (a3.2) to 521.25 Ma 
(a3.4) (Fig. 2). This ~4 m.y. uncertainty, arising 
solely from multiple valid chemostratigraphic 
alignment solutions, should propagate into 
assessments of the tempo of Cambrian evolu-
tionary radiation, particularly those arising from 
interbasinal correlations (Maloof et al., 2010a; 

Smith et al., 2016). In contrast, if a hypothetical 
fossil were recovered from the S3 ~8‰ excur-
sion nadir, then the three plausible alignment 
solutions imply a narrow first appearance datum 
between 521.15 Ma (a3.2) and 521.14 Ma (a3.3 
and a3.4); this precision reflects the confidence of 
aligning a distinctive δ13Ccarb excursion between 
candidate and target sections, and has implica-
tions for the tempo of Cambrian evolution.

Although we provide a large library of pos-
sible stratigraphic alignments, these are not 

exhaustive, nor necessarily representative of 
all plausible solutions. Furthermore, we can-
not exclude that the best parameter selection 
changes along a chemostratigraphic section, nor 
that applying other constraints on the solution 
would generally be more appropriate.

Aligning Section 11
Dynamic programming yields three plausible 

alignments that correlate Adoudounian Formation 
strata at S11 and S16 (Fig. 2, a11.3–a11.5), and other 

Figure 1. Optimal align-
ments of Cambrian Series 
1–2 δ13Ccarb (carb—carbon-
ate) data from sections 
S3 (Talat N’ Yissi) and S16 
(Sidi M’Sal), Anti-Atlas, 
Morocco (Maloof et al., 
2005, 2010b). A: Correla-
tion coefficients (0.8 < 
r < 1) for solutions with 
specified pairings of g 
parameter (relating to 
the similarity of sedi-
ment accumulation rate 
at two stratigraphic sec-
tions during their shared 
interval of deposition) and 
edge parameter (relating 
to whether two sections 
span the same interval of 
time) (Sakoe and Chiba, 
1978). Gray areas show 
parameter pairings that 
yield invalid alignments 
(<10% overlap). Solid 
black lines circumscribe 
parameter  space for 
four distinct and signifi-
cant alignment solutions 
(a3.1–a3.4). B: Alignments 
a3.1–a3.4, between S3 δ13C 
data (blue) and S16 δ13C 
data (gray), that cor-
respond to parameter  
space in A. C: Litho-
stratigraphic correlation 
implied by alignments 
a3.1–a3.4. For example, 
solution a3.1 (solid line) 
correlates δ13C

carb
 data 

sampled f rom a l l  S3 
lithostratigraphic units 
to Adoudounian Forma-
tion at S16 (246–580 m). 
Shading covers visual 
correlation of Maloof et al. 
(2010a). Four radiometric 
dates shown on the S16 
chronology are taken from Maloof et al. (2010b). Fm.—Formation; Mbr.—Member; Tb.—Tabia Member; Ig.—Igoudine Formation; Am.—Amou-
slek Formation; Is.—Issafene Formation.
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TABLE 1. AVERAGE CORRELATION COEFFICIENTS AND ASSOCIATED p-VALUES 
FOR THE ALIGNMENT OF SECTION S3 TO SECTION S16 OF CAMBRIAN SERIES 
1–2 SHALLOW MARINE STRATA OF THE ANTI-ATLAS MOUNTAINS, MOROCCO, 

FOR AN EDGE VALUE OF 0.2 AND g VALUES FROM 0.99–1.005

Alignment Edge value g value Average correlation p-value
S3 to S16 0.2 0.990 0.9399 0.049

0.2 0.995 0.9680 0.013
0.2 1.000 0.8857 0.250
0.2 1.005 0.5384 0.290

Note: Section S3 is from Maloof et al. (2005), Section S16 is from (Maloof et al., 2010b); edge value 
relates to whether two sections span the same interval of time, g value relates to the similarity of 
sediment accumulation rate at two stratigraphic sections during their shared interval of deposition.
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less-favorable solutions (Fig. DR2). Solutions a11.3 
and a11.4 differ in the predicted duration of deposi-
tion at S11, with a11.4 stretching S11 to encompass 
an additional high-amplitude excursion (Fig. 2). 
Unlike a11.3–a11.4, a11.5 reproduces the compelling 
visual alignment of S11 to S16 between 386 m and 
661.5 m in S16 (Maloof et al., 2010a), although 
this fit begins higher up in S16 (Fig. 2). If robust, 
then a11.3–a11.5 imply that S11 deposited more rap-
idly than previously considered. While solutions 
a11.3 and a11.4 hang S11 δ13Ccarb values below S16 
to produce a composite curve similar to that of 
Maloof et al. (2010a), this result was not guaran-
teed. In an alternative analysis, we aligned S11 
to S16 after truncating S11 δ13Ccarb values from 
the Tabia Member of the Adoudounian Forma-
tion below an unconformity of unknown duration 
(Fig. 1C); this option yielded one additional solu-
tion (a11.6) that reproduces the visual alignment of 
Maloof et al. (2010a). The four major categories 
of viable alignments between S11 and S16 are 
depicted in Figure 2.

CHRONOLOGIC IMPLICATIONS AND 
EVOLUTIONARY CONCLUSIONS

Ideally, a single chemostratigraphic align-
ment could be determined, though in practice, 
multiple statistically significant and plausible 
alignments exist, and all should be catalogued 
and presented. For the case of aligning S3 to S16, 
we found four significant solutions, of which one 
reproduces the previously published visual align-
ment (Maloof et al., 2010a) and two represent 
additional solutions that accord with published 
litho- and biostratigraphic constraints. Aligning 
S11 to S16 reveals four significant solution sets, 
of which three represent previously unconsid-
ered alignments that conform to lithostratigraphic 
constraints and one reproduces the alignment of 
Maloof et al. (2010a). Dynamic programming–
based δ13Ccarb alignments between time-calibrated 
and time-uncertain Cambrian fossil-bearing 

carbonate sections will yield a library of align-
ments and, therefore, a range of valid first appear-
ance ages that will require a revised conception 
of the chronology of animal evolution.
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Figure 2. Dynamic pro-
gramming–derived library 
of stratigraphically plau-
sible, Cambrian Series 
1 – 2  δ 1 3 C c a r b  ( c a r b —
carbonate) alignment 
solutions for sections S3 
(Talat N’ Yissi; blue cir-
cles; Maloof et al., 2005) 
and S11 (North Zawyat n’ 
Bougzoul; green circles; 
Maloof et al., 2005) to 
section S16 (Sidi M’Sal; 
gray  c i rcles; Maloof 
et al., 2010b), Anti-Atlas, 
Morocco. Four radio-
metric dates shown on 
the S16 chronology are 
taken from Maloof et al. 
(2010b). Inset shows the 
range of sedimentation 
rates implied by align-
ment solutions a3.2, a3.3, and a3.4 (Fig. DR4 [see footnote 1]) compared to that for S16 (Maloof 
et al., 2010b). Alignment of S11 to S16 strata below the oldest radiometric constraint precludes 
the calculation of absolute sedimentation rates.
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